Abstract-In this paper, we propose two analytical models for per-user throughput of an opportunistic scheduling scheme over a broadcast fading channel. For the first model, we use a piecewise linear approximation of the achievable transmission rates versus the values of Signal to Noise and Interference Ratio (SINR). We obtain the conditional average transmission rate of a mobile station, given the maximum channel quality of the other competing mobile stations. Using the probability distribution function of the maximum channel quality of the competing mobile stations, we obtain a closed form unconditional average transmission rate, i.e., per-user throughput, of a mobile station. For the second model, we use a similar approach, but with a precise model of the achievable rates. Furthermore, statistically nonidentical channels for different mobile stations are considered. Thus, the second model is more general and provides more accurate solution, but it requires more computations. The proposed models are useful for call admission control as well as performance studies of wireless networks. Simulation results are given to demonstrate the accuracy of the proposed analytical models.
I. INTRODUCTION
Effective resource management provides Quality of Service (QoS) for network users and maximizes revenue for network operators. As shown in Fig. 1 , a typical resource management module incorporates three main units for: 1) access control to regulate the incoming traffic; 2) admission control to avoid system overload; and 3) scheduling in order to dynamically share network resources among active users. The call admission control unit needs the information provided by the scheduling unit and the incoming traffic specification, determined by the access control unit, to manage the system load by admitting or denying new users. In specific, the call admission control unit requires per-user throughput of the scheduling scheme. Per-user throughput represents the long term average transmission rate of each Mobile Station (MS) as a function of the number of admitted users and quality of wireless channels. With the per-user throughput information, the call admission control unit can asses the impact of admitting a new MS on the QoS of the existing and new MSs. Having an accurate analytical model of peruser throughput, the network operator can improve the system utilization, thereby its revenue, by less conservative admission policies. Besides practical significance, a per-user throughput model can be used in a variety of performance studies.
Since the transmission capacity of a Base Station (BS) depends on the quality of channels of the admitted MSs and the scheduling strategy, modeling of per-user throughput is a challenging problem. For a broadcast fading channel, where a single BS transmits to multiple MSs, it has been shown [1] [2] that the optimal scheduling strategy to maximize the total bandwidth utilization is to transmit to a single MS with the best channel quality in each scheduling epoch (i.e., time slot). This can be considered as an opportunistic service discipline that relies on the partial Channel State Information (CSI) provided by the MS through a feedback channel. Opportunistic service discipline has been employed by several existing wireless scheduling schemes [3] - [6] . However, to the best of our knowledge, there is little analytical result on the performance of opportunistic service discipline. In particular, per-user throughput of opportunistic scheduling scheme has not been specified yet.
In this paper, we propose two analytical models for peruser throughput of an opportunistic scheduling scheme from a single BS to multiple MSs. We assume a quasi static Rayleigh fading model for the wireless channels from the BS to the MSs. This means that the received signal power by an MS remains constant for an entire time slot, and it can be modeled by an exponentially distributed random variable. Thus, the quality of a channel in each time slot, in terms of the SINR value at the receiver side, can be modeled as an exponentially distributed random variable. On the other hand, the maximum achievable rate of an MS depends on the SINR value at the receiver side and the characteristics of the physical layer. It is difficult to obtain an analytical model for the achievable rate as a function of the SINR value in practical systems. However, there are reliable simulation results for some existing wireless networks. In this paper, without loss of generality, we use simulation results for the physical layer of QUALCOMM's CDMA/HDR system from [7] . The results can be extended for other systems. Using the model for the achievable rate and the probability distribution function (pdf) of the SINR at the receiver of an MS, we obtain the conditional peruser throughput of an MS, given the maximum SINR of the other competing MSs. Finally, we obtain the pdf of the maximum SINR for the competing MSs and use it to obtain the unconditional per-user throughput of an MS.
For the first proposed model, we approximate the achievable rates as a piecewise linear function of the SINR values. We assume statistically identical Rayleigh fading channels for all of the MSs. The latter assumption applies for a system with a proper power allocation mechanism such that the average channel quality of all MSs can be kept identical. These reasonable assumption allows us to obtain a closed form formula for per-user throughput of an opportunistic scheduling scheme. For the second model, we relax the aforementioned assumptions. In other words, we use a precise function to model the achievable rates versus the SINR values. We also consider statistically nonidentical wireless channels for different MSs. Thus, the result of the second model is more general than the result of the first model. However, the second model requires more computations to obtain per-user throughput. We present the results of Monte Carlo simulations to demonstrate and compare the accuracy of the proposed models.
The rest of this paper is organized as follows. In Section II, we present our system model. We develop the analytical models of per-user throughput in Section III. In Section IV, we show simulation results to verify the accuracy of our models. Some concluding remarks are given in Section V. slot. We assume quasi static flat fading channels. Therefore, the received signal power by an MS is a random variable which remains constant for an entire time slot. The pdf of received signal power depends on the fading model. For instance, for a Rayleigh fading model, the pdf of the received signal power, denoted by random variable P , is given by
where Ω is the average power received by an MS [8] . Assuming a constant noise and interference power, the SINR at the receiver of an MS will have exponential distribution. For the Rayleigh fading model, the pdf of the SINR at the receiver of an MS, denoted by random variable X, can be modeled by an exponential distribution as follows:
where λ is the average SINR of the received signal by an MS.
In an opportunistic scheduling scheme, all MSs estimate their received SINR from a pilot signal and report them back to the BS through a feedback channel. These values can be used as a good estimation of the channel conditions for a few upcoming time slots. Comparing the SINR values for different MSs, an opportunistic scheduler selects an MS with the best channel condition for transmission in the next time slot. The scheduler also decides the transmission rate for the selected MS based on the estimated value of the SINR and the characteristics of the physical layer, such as the modulation scheme and coding. The mapping between the value of SINR and the achievable transmission rate is often obtained from the system level simulations. In this paper, we use the results of system level simulation of QUALCOMM's CDMA/HDR system from [7] , as shown in Table I. This table summarizes the SINR required to transmit at a certain rate over a wireless channel with 1.25 MHz of bandwidth and frame error rate of 1%. 
III. PER-USER THROUGHPUT
This section has two subsections introducing the first and second proposed models for per-user throughput of an opportunistic scheduling scheme. In Subsection III-A, we introduce the first model which gives a closed form formula. Following a similar approach of the first model, in Subsection III-B, we develop the second proposed model, namely for general solution.
A. Closed Form Formula (the first model)
We develop the first model in three steps. First, we model the achievable transmission rate versus the SINR value, as given in Table I , using a piecewise linear function. Then, we obtain the conditional expected value of the transmission rate of an MS, conditioned on the maximum SINR of the other competing MSs. Finally, we obtain the unconditional expected value of the transmission rate of an MS using the pdf of the maximum SINR of the competing MSs.
Let a random variable R A represent the achievable transmission rate of an MS. As stated in Table I , R A is a function of the SINR value at the receiver. This function has been plotted in Fig. 3 . In the figure, each row of Table I by a circle in a two-dimensional space. We also extend the information in Table I 
where X is a random variable representing the SINR. We can obtain (a, b) pairs for L 1 , L 2 , and L 3 for any particular simulation data. For instance, for the simulation results in Table I , 
With (3), we can obtain the conditional expected value of the transmission rate of an MS given the maximum SINR of the other competing MSs. We consider a scheduling scenario with N MSs, and denote by the random variable X i the estimated SINR of the ith MS in the next time slot. An opportunistic scheduler selects the ith MS for the next time slot if
We define a new random variable Z as the maximum SINR of all other (N − 1) competing MSs. Since it is assumed that the SINR values for all MSs have identical pdfs,
).
The pdf of random variable X is given by (2); thus, the cumulative distribution function (cdf) and pdf of Z can be given by
Let random variable R represent the transmission rate of an MS in a time slot. Hence,
where
The random variable S is equal to one if the MS is selected for transmission in the next time slot. Given Z = z as the condition, the conditional expected value of R is given by
where f X|Z (x|Z = z) is the conditional pdf of X. Since, X and Z are independent,
Thus,
If random variable X is in a certain vicinity such that R a can be approximated by one of the line segments in (3) and (4), then,
Finally, using the pdf of Z, we can obtain the unconditional expected value of R as follows. 
Substituting (15) into (14), we havē
By reorganizing (16), we obtain
Solving the integrals in (17) gives us
where L=N-2. Equation (18) is the unconditional expected value of transmission rate for an MS, or per-user throughput an opportunistic scheduling scheme.
B. General Solution (the second model)
The overall approach for the second model is similar to the first model. However, the second model neither uses specific approximation for R A nor identical exponential distributions for all X i . Let R a = h(x) be a general function that maps the value of SINR, denoted by x, to achievable rate, denoted by R a . Thus, the general form of (13) can be given by
Assuming different pdfs for the SINR of different MSs, the general form cdf and pdf of Z in (7) can be written as follows.
where M = N − 1, F Xi (z) is the cdf of X i , and f Xi (z) is the pdf of X i . Thus, the general solution of per-user throughput can be given byR
R can be obtained by using a variety of algorithms such as adaptive Simpson quadrature [9] . However, for numerical computation of (19) and (21), we need to approximate the infinite upper bounds of the integrals. Fortunately, the arguments of the integrals in (19) and (21) rapidly approach to very small values. This can be seen in Fig. 4 and Fig. 5 , which show the plot of the arguments of the integrals (19) and (21), respectively, for a Rayleigh fading channels. Thus, it is reasonable to replace the upper infinite bounds of the integrals in (19) and (21) with some finite values. For instance, for our simulations in Section IV we use a typical value of 100 for both of the integrals. It is evident from Fig. 4, Fig. 5 , and our simulation results that this is a reasonable approximation for a range of SINR values between -12.5 dB and 10 dB. 
IV. SIMULATIONS
We simulate an opportunistic scheduling scheme for a single BS with multiple MSs as described in Section II. A flat Rayleigh fading channel simulator, as specified by (21) its parameters in Table II , is used to generate samples of wireless channels from the BS to the MSs in each time slot. A saturated case is assumed, i.e, all MSs always have data Fig. 6 shows the per-user throughput versus the number of MSs for different qualities of channels in terms of the SINR value. Fig. 7 shows the per-user throughput versus the quality of channels in terms of SINR values for different numbers of MSs. It can be seen that the results of the closed form formula in (18) closely match the simulation results.
To demonstrate the accuracy of the proposed general solution in Subsection III-B, we simulate similar scenarios as we used for the evaluation of the closed form formula. Fig. 8 and Fig. 9 show the results similar to that of Fig. 6 and Fig. 7 . It can be seen that: 1) both of the proposed models provides a very good approximation of per-user throughput in different situations; and 2) the general solution gives slightly better approximation than the closed form formula. This is due to the use of piecewise linear approximation the closed form formula. To demonstrate another advantage of the second model, we simulate a scheduler with 10 MSs that have different average channel quality, as shown in Table III . This specifies a case that can not be solved by the closed form formula in (18). The results of simulations and the second model are given in Table  III . It can be seen that the analytical results closely matches the simulation results. It also demonstrates how the analytical model can be used in a call admission control unit. Given a set of MSs with known quality of channels, the call admission control unit can use the proposed model to forecast the long term average transmission rates of all MSs, if such a set of MSs is admitted into the system.
V. CONCLUSIONS
In this paper, we proposed two analytical models for peruser throughput of an opportunistic scheduling scheme in a broadcast fading channel. The first model gives a closed form per-user throughput by piecewise linear approximation of the 
